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ABSTRACT

Let B be an AF C*-algebra with Stratila-Voiculescu masa © and let % be a max-
imal triangular subalgebra of 8 with diagonal ©. Peters, Poon and Wagner showed
that 9 need not be a C”-subdiagonal subaigebra of B in the sense of Kawamura
and Tomiyama. We investigate and explain this phenomena here from the perspec-
tive of groupoid C*-algebras by representing ¥ as the “incidence algebra” asso-
ciated with a topological partial order. A number of examples are given showing
what can keep a maximal triangular algebra from being C”-subdiagonal.

§1. Introduction

Our objective in this note is to combine the analysis of [MS] with [PPW] and
[T] to help clarify the structure of maximal triangular subalgebras of AF C*-
algebras and to resolve an issue that arose in the writing of [MS].

We follow the notation and terminology of [R] and [MS] with regard to grou-
poids. Suppose that G is a 2nd countable, locally compact, r-discrete, amenable,
principal groupoid admitting a Haar system and a cover by compact open G-sets,
suppose o is a two cocycle on G with values in T and let C*(G, o) be the associ-
ated C*-algebra. In [MS], we show that given a norm closed subalgebra ¥ of
C*(G) such that % N A* = C*(G°) (such an algebra is called triangular), then
there is an open subset P S G such that P-P<S Pand PN P! = G%and such that
9( is the closure in C*(G) of the set of all functions in C.(G) that are supported
in P. We write % = %(P). The correspondence between triangular algebras and
open sets P with the indicated properties is one to one, so the notation is justified.
We note that our terminology differs slightly from that of Peters, Poon and
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Wagner. Their triangular algebras need not be closed. This difference will be of no
consequence here.

Groupoids of the kind we are considering may be viewed as equivalence relations
on G, i.e., certain subsets of G® x G, but with topologies that may be finer
than the product topology. The sets P, then, are (the graphs of) partial orders on
G? and the algebras %(P) may be viewed as one possible generalization of inci-
dence algebras.

A triangular algebra U(P) is called maximal triangular if it is not contained in
any larger triangular subalgebra. In terms of the set P, this means that P is not
contained in any larger partial order on G°. If G° were finite, then this would be
the case if and only if PU P~! = G, i.e., if and only if P totally orders each
equivalence class determined by G. When [MS] was written, we did not know if
a maximal partial order has this property in general. This was important for [MS]
because an algebra (P), with P satisfying P U P~! = G, has additional struc-
tures that makes it tractable for analysis. Indeed, such algebras turn out to be what
are known as maximal C*-subdiagonal aigebras [KT] and share many structural
properties with the full algebra of upper triangular matrices. One of the conse-
quences of [PPW] is that maximal triangular algebras A(P) do exist for which P
fails to satisfy P U P~! = G. Moreover, examples may be found in the context of
AF C*-algebras. Recall [R, 11.1.15] that every AF C*-algebra may be realized in
terms of an AF groupoid (and in that case ¢ = 1). Analysis of their examples as
well as the examples in [T] show that the sets P constructed are open, but not
closed. However, if P is open and P U P~! = G, then P is closed because P =
G° U G\P~!. This and Proposition 1.1 lead one to speculate that if P corre-
sponds to a maximal triangular algebra and if P is closed, then PU P~! = G. The
main example of this note, Example 3.7, shows that this is not the case. Its con-
struction is rather complicated and its existence is rather surprising. The latter calls
for an effective criterion for deciding when an open partial order in an AF grou-
poid is closed. This is the goal of Theorem 1.3, below, but before giving it we
present Proposition 1.1 giving a usable sufficient condition implying PU P! =
G when %(P) is maximal. For it, recall that %(P) is called a nest algebra if there
is a totally ordered family, {p,},e4, Of projections in the multiplier algebra of
C*(G°) such that

AP) = {a € C*G,0)|(1 — p,)ap, =0 for all « € A}.

ProposiTION 1.1.  If A(P) is a nest subalgebra of C*(G, o) and if P is closed,
then PU P~' = G. That is, Y(P) is a maximal C*-subdiagonal subalgebra of
C*(G,a).
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Proor. Let {p,}.ea be the totally ordered family of projections in the mul-
tiplier algebra of C*(G°) that determines %(P) and write p, = 1 £, Where E, is a
closed and open subset of G°. Since Y(P) = {a € C*(G,0)|(1 — p.)ap, =0, a €
A}, P = G\Q, where

Q= [ U (E;an)] NG
a€A

and where E¢ denotes the complement of E,, in G°. The sets ES X E,, are open in

G° x G and so Q is an open subset of G which, recall, has a topology generally

finer than the relative topology on G. Further, since

Q' = [ U (EaxEcs)] NG, QNQ'=0
a€A

because the E,’s are ordered by inclusion. Since _Q__and O~ are open, the fact

that they are disjoint implies that 0N Q' = QN Q"_=_ . Since, however, Pis

closed by hypothesis, Q must be open. Hence, ONQ'=Pandso PUP ' =
(G\QYU (G\Q™H)=G\(QNQH=G. ]

REMARK 1.2. Proposition 1.1 is reminiscent of Theorem 3.1.1 and Corollary
3.1.2 in [A], but the two proofs are entirely different.

Recall that an AF C*-algebra A can be written as an inductive limit 4 =
li_r}n(A,,,i,,) in many different ways. Here A, denotes a finite dimensional C*-
algebra and i, is a *-injection mapping A, into A,,;. To express 4 as C*(G) for
an AF groupoid is to make explicit and to keep track of some additional informa-
tion. Namely, this amounts to picking masas D, € A, such that i,(D,) € D, ,,,
so that if the normalizer of D, in A, is denoted by N(D,), then i,(N(D,)) S
JUD,.1). (Recall that R(D,) = {v € A,|v is a partial isometry, and vav*, v*av €
D, for all ¢ € D,}.) Of course, when the 4,’s are viewed as subalgebras of
C*(G), D, = A, N C*(G°) and C*(G®) may be viewed as D = im (D, i,). We
will frequently write D = C*(G°). A key result of Power [P, Lemma 1.3] asserts
that if M € A is a norm-closed bimodule over D, i.e., if DM and MD € M, then
there is a (unique) D,-bimodule M, in 4, such that M = Ii_r)n(M,,,i,,). Thus, as
one says, bimodules over D are inductive. Hence, given a triangular subalgebra
T = U(P) in C*(G), we may write T = li_r)n(T,,,i,,) where the T, are triangular
subalgebras of A4,, i.e., T, N T, = D,. We call {T,,} the generating sequence of T
relative to {(A,,i,)}. Following [PPW], we say that 7= U(P) is strongly maximal
if it is possible to realize A as li_rp(A,,, i), with D = li_r)n(D,,, i,) in such a way that
T, + T, = A,. Finally, we call a generating sequence {7,,} for a triangular algebra
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T closed if for every n, every matrix unit e in 4,\T,, + T, and every d € D, {,
di,(e) lies in A, 1\ (T4 + Try1). The following is the principal general result of
this paper. The first part was proved in [T] (cf. Proposition 3.2) by somewhat dif-
ferent means.

TaeOREM 1.3. Suppose that T = U(P) is a maximal triangular subalgebra in
the AF C*-algebra A = C*(G) with respect to D = C*(G°).

1. The following three assertions are equivalent.

(1.1) T is strongly maximal.

(1.2) PUP ! =G.

(1.3) T + T* is dense in C*(G).

2. The following assertions are equivalent.

(2.1) T has a closed generating sequence.

(2.2) P is closed.

(2.3) There is a norm-closed D-bimodule B such that {T + T* + B]¢ = C*(G)
while BN [T+ T*]< = {0}.

The proof is given in Section 2.

With regard to 1. in the theorem, we find that the strongly maximal triangular
subalgebras of C*(G) are precisely the maximal C*-subdiagonal subalgebras of
C*(G) when C*(G) is AF. This fact was proved by Ventura in [V] using different
means. It follows by definition of “closed generating sequences” that a strongly
maximal triangular algebra in an AF C* algebra has a closed generating sequence.
We also see this from Theorem 1.3 since, as we noted earlier, if G = PU P!
while PN P! = G°, where P is open, then P = G® U G\P~! is closed.

To find our example, Example 3.7, of a maximal triangular algebra T = U(P),
where P is closed but does not satisfy P U P~! = G, we use Theorem 1.3 and
show that a maximal triangular algebra T exists in an AF C*-algebra that has a
closed generating sequence, but is not strongly maximal. We also elaborate on ex-
amples in [PPW] and [T] showing that maximal triangular algebras exist for which
there are no closed generating sequences, Examples 3.1-3.3. In particular, we show
in Example 3.2 that there is a maximal triangular nest subalgebra of an AF algebra
that has no closed generating sequence.

§2. Proof of Theorem 1.3

Throughout, we suppose that our AF C*-algebra A is realized as C*(G) for
a fixed AF groupoid G with D represented by C*(G®) = C,(G®). We will write
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G = UG, where G, € G,,,; and each G, is a closed and open elementary sub-
groupoid of G. Recall [R, III.1.1] that this means that G, can be written as the
countable disjoint union U X; x {1,2,...,k;}? where X; is a zero dimensional lo-
cally compact Hausdorff space and {1,2, . ..,k;}* denotes the trivial (or transitive)
groupoid on the finite set {1,2,...,k;}. The unit space G° of G, then, is U X, and
C*(G,) = TM(k;) ® Cy(X;), where M(k;) denotes the algebra of k; X k; com-
plex matrices. The algebra C*(G), then, is the nested union of these special
C*-algebras.

ProrosiTiON 2.1.  Suppose that P is an open subset of G satisfying

Q1) P-PCP,

QRQYPNP1=G°

(2.3) P is closed, and

(2.4) P is maximal with respect to conditions (2.1} and (2.2).
Then A(P) is a maximal triangular AF C*-algebra with a closed generating se-
quence. Moreover, if PU P! = G, then U(P) is strongly maximal.

Proor. Since every bimodule over D is of the form ¥(Q) for some open set
Q < G (where A(Q) := {f€ C*(G)|supp f S Q}), we see that A(P) is a maximal
triangular subalgebra of C*(G) if P satisfies (2.1), (2.2) and (2.4). We need to
show that if P is closed, then H(P) admits a closed generating sequence.

To this end, write P, = G, N P, so that P;! = G, N P~!, and note that P, and
P, ! are closed and open subsets of G,. Suppose first that G, is an elementary
groupoid of type &, so that G, = X X {1,2,...,k}2. Write @, = 2'"-- %V the set
of all subsets of {1,2,...,k)? and let

w(x) = {(i,J) € {1,2,. ...k} |(x, (i,))) € P,},

x € X. Thus w(-) is a map from X onto Q. For fixed w € Q, let X, =
{x € X|w(x) = w]. Then

X, = ( N xeXx|ije w(x)}) N < N (xe x| ¢ w(x)}).

(0,)) Ew ()¢
Since, for a fixed (i,j), the set {x € X|(i,j) € w(x)} = {x € X|(x,(i,))) € P,}
is closed and open (because the map x — (x, (i,/)) is continuous and P, is closed
and open), we see that X, is closed and open. Clearly, X is the disjoint union of
the X,’s. Hence G, is the disjoint union U,eq, (X, X {1,2,... ,k}?) while P, =
U.eg, (X, X w). All this was done for an elementary groupoid of type . In gen-
eral, G, is the countable disjoint union G, =U; X; x {1,...,k;}* and so we may
write
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Go= U Xiox(L2,...,k}?) and P,= |J (X, X o),
@ €M, wi €M,
where the X; , are closed and open.

For each (j,m) € {l,...,k;}* and every w € Q,, the set s = X, X {(j,m)} is a
closed and open G-set with x, € C*(G,) € C*(G). Let C, be the C*-subalgebra of
C*(G) that is generated by {x,|s = Xi, X {(/,m)}, (j,m) € {1,2,...,k]}}, w €
Q). Then C, is a C*-subalgebra of C*(G,) isomorphic to 4, := %; @ M(k;).
This isomorphism sends x;, § = X;, X {(j,m)}, into the (j, m)-matrix unit in
M(k;). The algebra, C,(P), generated by

{Xsls =Xiw X {(Jam)], (Jym) € w]s

is sent onto a triangular subalgebra 7T, of A4,. Observe that if PU P! = G, then
P,U P;! =G, and T, is a maximal triangular subalgebra of 4,.

Observe, too, that A, is finite dimensional if and only if the number of X’s is
finite. In general, the A4, are themselves AF, but in a trivial sort of way, and it
would belabor the notation and discussion to make allowance for this possibility.
Consequently, we will proceed with our discussion, treating the A, as if they were
finite dimensional and leaving it to the reader to make the necessary changes when
they aren’t.

The containment C, € C,, induces an inclusion map in 4, — A4, that sends
T, into T,,,. Also, every matrix unit in A,, which may be viewed as a x, with s as
above, is a sum of matrix units in A,,,.;. Hence (D,) S N(D,.,). Since it is clear
that U C, is dense in C*(G), we see that C*(G) = Nm (A, in).

To see that A(P) = lim T,,, we show that Y(P) =, C,(P). Let ® denote the
ample semigroup of compact open G-sets [R, 1.2.10] and suppose that an s € @
is contained in P. Then for every x € r(s), (x,s(x)) is contained in P, for some n
depending on x. Since G, is open, there is a neighborhood U, of x such that
(»,s(y)) € P, for all y € U,. Since r(s) is compact, r(s) is covered by finitely
many of the U, and so there is an n such that s € P,. Hence, we may finda ¢t €
® such that s € t and x, € C,(P). It follows from the proof of [R, 111.1.15] that
every projection in C*(G°) lies in U, Cy(P). Hence x, € U, C¢(P), and this
shows that §(P) = UC,(P).

It remains to show that {7}, }2=, is a closed generating sequence. Suppose e is a
matrix unit in 4, that is not in T, + T,. Then e may be viewed as an element x;
in C, where s = X, X {(j,m)} for some i,w, j and m. (Note: The closedness of P
was used to conclude that s is closed and open.) Since e & T, + T, by hypothe-
sis, (j,m) & w and (m,j) & w. Thus sN (PU P~!) = @. (Remember: s € G, =
Uueny, Xio X (1,2,...,k;)? and
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Purt = (U Cxo)u( U thuxe),
W EQy, wi€ L,

so if (j,m) & w and (m,j) € w, then s is disjoint from P U P~!.) Hence for ev-

eryd € D, di,(e) does not lie in 7,,.; + 7,1, and the proof is complete. B

LemMA 2.2. Suppose T is a maximal triangular subalgebra of the AF C*-
algebra A = li_r)n (A,,i,) and suppose T has a closed generating sequence {T,},-,.
Then {T, )5, is maximal in the sense that if T, < S, € A, forallnand T =
li_rp(S,,,i,,), then T,, = S, for all n.

Proor. Suppose for some ny, S,, # T,,. Then there is a matrix unit e €
Spo\ (T, + Try). By hypothesis, i, (€) € Spyr1\ (Tnge1 + Thge1)- Since iy (e) is a
sum of matrix units in A, 11, ing+1 (ing(€)) € Spyr2\ (Thys2 + Trys2). Indeed, for

every j > 0,
i,,0+j o i,,0+j_1 LA i,,o(e) (S Sﬂ0+j\(Tno+j + T:O"'j)'

Consequently, li_x}n(S,,,i,,) # li_ng(T,,,i,,) = T. This contradiction completes the
proof. u

PRrOPOSITION 2.3. Let A = li_r)n (A,,i,) be an AF C*-algebra realized as C*(G)
for some AF groupoid G and let T = li_n)l(T,,,i,,) be a maximal triangular subal-
gebra of A (with respect to D = C*(G?)).

(1) There is an open subset P < G satisfying G° = PN P~', P-PS Pand P is
maximal with respect to these properties such that T = U(P).

) If T is strongly maximal, then PU P~! = G.

Q) If (T, ), is a closed generating sequence, then P is closed.

Proor. (1) It follows from Theorems 3.10 and 4.1 of [MS] that T = % (P) for
an open subset P < G satisfying P-P<S Pand PN P~} =GO If Q 2 Pis an open
subset of G such that QN Q™! = G% and Q-Q € Q, then A(Q) is a triangular
subalgebra of C*(G) that contains T = %(P). Since T is assumed maximal,
A(Q)=T=UA(P)and P= Q.

(2) If T is strongly maximal, then C*(G) = UA,, with T=UT, and T, +
T, = A,. Consequently, A, € T+ T* and C*(G) = T + T*. By Theorem 4.2
of [MS], PU P~! = G (where T = A(P)).

(3) Suppose that {T, ]}, is a closed generating sequence. We recall how G and
A are related as in the proof [R, III.1.15]. The normalizer %, of D, (= T,,N T;)
in A, is contained in %,,,. Also C*(G°) ={UD, and G° is a totally disconnected
locally compact Hausdorff space. We write @, for the ample inverse semigroup of
D,. This is the inverse semigroup of maps of D, induced by ,,. We view 9, as
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acting on D, or on C*(G?®), and write & = U ®,. The principal groupoid of the
orbit equivalence relation corresponding to @, is denoted G,. Each G, is an open
and closed subgroupoid of G with G2 = G° and we have G = UG,.

Since T,, 2 D,, T, is generated as a D,-bimodule by the set of elements of N,
that it contains. We call this set % and let &, be the corresponding subset of ®,,.
Evidently, 8; € ®;,; and if we let P, be the union of the graphs of the elements
in @, we see that P, < G, and P, € P,,,. We write C*(@,) for the finite dimen-
sional C*-algebra generated by {x;};ce,. This algebra is isomorphic to 4, and T,
is isomorphic to the algebra generated by {x,|s € §,}.

We write P = UP,, an open subset of G, and we identify T with G(P). We
wish to show P is closed. First, we show that for every n,

@.1 Gu\ (P, U P;') € G\ (Pryy U Pr).

Suppose this is not the case. Then there is an s € @, with graph disjoint from
P,U P;!, but not from P,.,. Write sg = s N P,,;. Then x,, = dx; for some d in
D, and it is in A,\T,, + T}, as well as in 7,,,. This contradicts the assumption
that {T,]>., is a closed generating sequence. Consequently (2.1) holds. Now each
of the sets G,\ (P, U P;!) is open and so

G\(PUP™Y) = (G\(P,UP;)

is also open. But then P U P! is closed and so, too, is P = G° U (P\G°) =
G°U ((PU P~ 1)\ P~!) since G° is closed and P~! is open. ]

ProoF oF THEOREM 1.3. (1) The only thing left to show is that PU P! =G
if and only if T + T* = C*(G). This, however, is immediate from Theorem 4.2
of [MS] and its proof.

(2) Suppose P is closed. Then Q := G\(P U P~') is open and QU P U
P! = G. Consequently, T+ T* + %(Q) = C*(G). Suppose, on the other hand,
that T+ T* + B = C*(G) for some bimodule B with BN (T + T*) = {0}. Then
by Theorem 3.10 of [MS], B = %(Q) for some open subset Q € G. The equa-
tion BN T + T* = {0} implies that @ N (P U P~!) = & while the equation
B+ T+ T* = C*(G) implies that QU PU P! = G. Thus PU P~ 'is closed
and P = G°U (P\G% =GoU ((PU P~"\\P!) is closed also. n

§3. Examples

In this section we supply examples of maximal triangular subalgebras of AF al-
gebras that illustrate the trichotomy that we have been exposing.
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ExampLE 3.1. There is a maximal triangular algebra in an AF C*-algebra that
does not have a closed generating sequence.

This example is a type discovered by Thelwall in [T}. Let X be a zero dimen-
sional compact Hausdorff space, so that C(X) is AF, and consider A =
M, (C(X)), the 2 x 2 matrices over C(X). Let U and V be two disjoint open sub-
sets of X such that U U Vis dense in X but every x € X\U U V' is an accumula-
tion point of both U and V. Our algebra T is realized as {(a;)};-,|a11,42 €
C(X), a;; € Cy(U) and a,; € Co(V)). To visualize the corresponding P, view the
equivalence relation G giving M,(C(X)) as the subset of the Cartesian square,
(X U X)?, of the union of two disjoint copies of X consisting of the diagonal and
the “diagonal pieces” of the northeast and southwest corners of (X U X)? (Fig.
1a). Then P is the diagonal of (X U X)? together with the “northeast diagonal”
determined by U and the “southeast diagonal” determined by V (Fig. 1b). The fact
that U and V are open implies that P is open. Also, since U U V' is dense in X,
PU P! is dense in G. However, since every point x € X\U U V is an accumu-
lation point for both U and V, it is easy to see that P is not contained in any larger
open, transitive, reflexive and antisymmetric subset of G. Thus 7 is maximal tri-
angular, but does not have a closed generating sequence by Theorem 1.3.

ExampLE 3.2. There is a maximal triangular nest subalgebra of an AF C*-
algebra that does not have a closed generating sequence.

We use the above example and construct the sets U and V judiciously. Let X be
the Cantor set in [0,1]. Let E;, = X N [0,1/2], E, = XN (1/2,3/4), E, = X N
(3/4,7/8), . ... Each E, is closed and open in X. Set U = U, eveq E; and set V =
Uodq E;- Then U and V are disjoint open sets, X\ (UU V) = (1} and 1 is an ac-

Fig. la. Fig. 1b.
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cumulation point of both U and V. Hence the algebra T associated with U and V
in the preceding example is maximal triangular, but doesn’t have a closed gener-
ating sequence. Now let {e; 2 j=1 denote the matrix units of M(2) and regard
them as constant elements of M,(C(X)). Define

Po=€11Xgy P2=€uXe, T €nXe»> P3=e€iXg + enXe + €nXe,

€11 XE,» n even,
o Dne1 =DPn t
€22 XEp» n odd.

Then { p,}Z0 is a nest in M,(C(X)) and it is easy to see that 7 = Alg({ p,}n=0)-
L]

The first example of a maximal triangular subalgebra of an AF C*-algebra that
is not maximal triangular is due to Peters, Poon and Wagner [PPW, Example
3.25]. We show that their example does not have a closed generating sequence. It
was this example that provided much of the impetus for the present study.

ExaMmpPLE 3.3. We follow the notation of Example 3.25 in [PPW]. There, the
authors construct a maximal triangular subalgebra J of a unital AF-algebra % such
that e,§»k’ ¢ 3 + 3*. There is a closed and open G-set 7 € G, where G is an AF
groupoid associated with ¥, such that e = x, € C*(G). Suppose 3 = A(P) with
Pclosed. Then 7, :=7N P, 7,:=7N P ' and 73 := 7N (G\(PU P7")) are all
closed and open G-sets. Write f; = r(7;), i = 1,2,3. Then each f; is a closed and
open subset of G°, the f; are disjoint and r(7) = f; U f, U f3. Write F; for the pro-
jection in C*(G°) associated with f;, i = 1,2,3. Then F + F, + F; = ell). For ev-
ery k = 1, we may write ely) = Xier 1 € G. Write g :=r(t) & G so e{f) = Xex-
Then {g,] is a decreasing sequence of compact open subsets of G° whose intersec-
tion, g = Ngy, is a set containing a single point (because viewed as elements of
C(G®), the e{" separate the points of G°). Following the details in Example 3.25
of [PPW], we see that

(2) (2) 2)

(1) _ (3)
el =erpl

— (3 (3) (2) 2) _
+e7+eiis=er; tejsteznntes ten=-
_ (k) (k) (k) _ (k) (k)
=>e7 + D et Neil =D e7 + D e

k=2 k=2 k=1 k=2

As e-,(,? € J and e,‘ffu e 3* forall k =2, e} < F, + F,. Hence F; = 0. Since g is
a singleton, either g C f; or g € f,. If g € f,, then since {g, N f2}%=, is a decreas-
ing sequence of compact sets with empty intersection, it follows that for some X,
k=2, g, S f1. But then e,‘f ) € 3, which is a contradiction. Similarly, the assump-
tion that g € £, leads to a contradiction, so P is not closed. a
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Our example of a maximal triangular subalgebra A(P) of an AF C*-algebra
C*(G) which is not strongly maximal but has a closed P is complicated and will
take awhile to develop. The key to the construction is

LemMa 3.4. Let T < M(n) be a triangular subalgebra that is not maximal but
is such that T+ T* is a subalgebra of M(n). Then there is a positive integer m,
a subalgebra S € M(m) and a unital imbedding o: M(n) - M(m) satisfying the
Jfollowing conditions:

(i) S is a triangular subalgebra of M(m) that is not maximal but is such that
S + S* is an algebra.

(i) o(T) € S.

(iii) The D,,-bimodule generated by S N\ (M (n}} is equal to the D,-bimodule
generated by ¢(T) (where D,, is the algebra of diagonal matrices in M(m)).

(iv) For every triangular algebra T € T, € M(n), the algebra generated by
o(Ty) and S is not triangular.

Befcre proving the lemma, we consider an example.

ExaMmpLE 3.5. Let T be the diagonal matrices in M(2) and let S be the subal-
gebra of M(8) that is the linear span of the diagonal matrices and the matrix units
€3, €41, €53 and e; 6. Let 0: M(2) — M(8) be the standard embedding. Condi-
tions (i)-(iii) of Lemma 3.4 are immediate. As for (iv), note that there are only two
possibilities: either T, is the full algebra of upper triangular matrices or the full
algebra of lower triangular matrices. Suppose the first case holds. Then the Dg-
bimodule generated by S and ¢(7;) may be viewed as the subalgebra of the alge-
bra of 4 X 4 matrices over M(2) where the diagonal entires are upper triangular
matrices, where the (2,1) and (1,2) blocks have zeros everywhere but in the lower
left hand corners and where the (3,4) and (4,3) blocks have zeros everywhere but
in the upper right hand corners. Write S, for the algebra generated by S and
o(T;). Then since e4; and e, are in S}, 4 and e,; are in S, ey4; lies in S;. But the
bimodule generated by S and o(7;) already contains e;,. Hence S, is not triangu-
lar. If, on the other other hand, T, were the algebra of lower triangular matrices,
the lower 4 x 4 right hand corner of M(8) could be used to show that §; is not
triangular.

Proor oF LEMMA 3.4. Note first that a subalgebra 7 of M(n) containing D,,
consists of all the matrices supported on a subset Q € {1,2,...,n}? satisfying
Q-0 < Qand Ac Q. Thatis, Qis a transitive and reflexive relation and

T = {(a;) € M(n)|a; =0, (i,j) €& Q}.
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We call such a relation a preorder. The algebra T is triangular in M (n) if and only
if Q is antisymmetric, i.e., if and only if Q is a partial order. The algebra T is max-
imal triangular if and only if Q is a fotal order. Observe, too, that T+ T" is an
algebra (and T is triangular) if and only if the set {1,2,...,#n} is a disjoint union
of subsets, {1,2,...,n} = Ui_, Ay, such that Q N (A, x A,) is a total order and
ONA,NA) =D, k+#j.

Given T € M(n) satisfying the hypotheses of Lemma 3.4, we write A =
{1,2,...,n} and A = U, A;, where the A,’s partition A and Q N (A, X A;) is
a total order for each k and Q N (A, X A;) = &, k # j. (We will write Q| A, for
QN (Ag X Ag).) Let 7, be the group of permutations of / elements and let  be
the set of all total orders on A that contains Q. For p € 7, and a € A4, we write
p(a) for the number j such that @ € A,-1(;. The set Q is finite and nonempty.
Let N be its cardinality. Finally, set m =n X N x [!.

Forevery p € myand w € Q, let B(p,w) = A X {p} X {w} and let

B=\{J B(pw)=A X7 XL

PET|
we

Of course, the cardinality of B is m. Now define a partial order F € B X B by the
prescription:

(i Forpe m,weq, ((a,p,w),(bpw) € Fif and only if (a,b) € w.

(i) If (p1,w1) # (P2, @) in (m, X @), then FN (B(p1,@1)) X B(p2,w2)) = D.

Thus F is the disjoint union of all the total orders on A extending Q, each counted
with multiplicity /!. We write S for the corresponding subalgebra of M(m). Then
S is a triangular algebra that is not maximal, but S + S* is a subalgebra of M(m).

Let 7 be the permutation in 7, that is translation by 1 modulo /; i.e., 7(j) =j +
1(mod /). We call two elements p,q € m, equivalent and write p ~ g if and only
if g = 7/p for some j € Z. Then ~ is an equivalence relation. For a,b € A, we
define

ole,p) = 2 €((a,p,0),(b,q,0) -
weR
p~q,p(a)=q(b)

This defines ¢ on matrix units and we want to show that o extends by linearity to
a unital *-homomorphism mapping M(n) into M(m). We note here that for ev-
ery @ and b in 4 and p € 7, there is a unique g in 7, such that p ~ g and p(a) =
g(b). Thus the sum defining o really only extends over { X m,.
We have
0(er) = 2 Copon@an = 2 €lagenbpen =€)

w,p~q w,p~q
p(by=q(a) p(b)=q(a)
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Also,

o(eg)o(ey) = % €((a,p,0),(b,q, N €(5,0°), (6, gD
Wy w’
p~4,p~q’
play=qg(b),p'(b)=q’'(c)

= 2 €((a,p,), (b,q,w) €((b,g,w),(c, g ) = O(€qc).
(5]
p~q~q
pla)=q(b)=q’(c)

Thus the linear extension of ¢ to M(n) which we continue to denote by o is a
*-homomorphism from M(n) into M(m). To see that ¢ is unital, note that for
€. € Dy, 0(€s) = 20, p €0, p,w).(a,p. ) DECAUSE When p ~ g and p(a) = g(a), nec-
essarily p = q. Thus o(D,) < D,, and

o(I,) = 2 0(ew) = 25 eqapon.(apwn = Im-

a a,w,p

Next we prove that the D,,-bimodule generated by S N o(M(n)) equals the
D,,-bimodule generated by o(T), i.e., assertion (iii) of the lemma. For this, ob-
serve that the support of g(M,) is the set

{((aypaw)’(b,qsw))lq ~ D Q(b) =p(a): weE Q}
and the support of S is the set
{(a,p,w),(b,p,w))|(a,b) € w}.

Their intersection, which is the support of the D,,-bimodule generated by S N
o(M(n)), is

{((a,p,0),(b,p,0))|(a,b) €Ew, p(a)=p(b)}.

Since w agrees with Q on each A;, since p(a) = p(b) if and only if @ and b lie in
the same A4; and since Q N (A; X A;) = &, when i # j, this set is

{((a,p,w),(b,p,w))|(a,b) € Q}.
However, this set equals the support of ¢(T),

{(a,p,w),(b,q,w))|(a,b) € Q, q~p, p(a)=q(b)],

because if (a,b) € Q, then p(a) = p(b) and so the equation p(a) = g(b) and the

equivalence ¢ ~ p can happen simultaneously only if p = ¢. This proves (iii).
Since condition (iii) clearly implies (ii), we have only to verify (iv). Suppose that

T, is a triangular subalgebra of M(#n) that contains 7 properly. Let Q, be its sup-
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port. Then Q, is an order on A and @, 2 Q. Pick an (a,b) € Q;\Q. Since Q in-
duces a total order on each A4, i.e., Q| A, is maximal, we havea € A;and b€ A;
with i # j. Select an wy € Q such that (a,b) € wg'. (It is easy to see that such an
wg exists.) We have e,, € T, by definition, so ¢(ez) lies in (77). But
o(eg) = hX €((a,p,w), (b, w))>
wEQ
p~q,p(a)=g(b)

so for every p,q € m, with p ~ g and p(a) = q(b) we find that e, 5 «),(5,q,0)
lies in the D,,-bimodule generated by o(7}) for all w € Q. In particular, they all
lie in the algebra S, generated by S and ¢(7;). To see that S, is not triangular,
recall that 7(j) =j + 1(mod /). So if s =i — j (where a € A, and b € A;), then
rks — 7,+Ds for all k = 0 and 7%°(a) = 7%°(i), by definition, which equals
i+ k(i — j)(mod [) = (k + 1)(i — j) + j(mod I) = 7*+Ds(j), which equals
7k+Ds(p) by definition. Thus for all k, ey, .45, uy), (b, 7 k*+Ds, upy lies in the D,,-
bimodule generated by o(7;). On the other hand, since (b,a) € wy (because
(a,b) € w51),y €5, 1% ). (0,755, ug) Delongs to S for all k. Hence

€((0, 7%, wg), (@, 7975, 00)) = €((5,7°,wg). (2, 7% wo)) €((a, 70, wp), (b, 7%,w0)) € (B, 75, w0), (4,75, w0))
© (b, 7 U5 wg), (b, 70, w0))
lies in the D,,-bimodule generated by ¢(7}), and so S, is not triangular. |

Given a D,-bimodule R in M(n) with support Q € {1,2,...,n}?, we call the
D,-bimodule whose support is {1,2,...,7}*\Q the complemented bimodule of R.
If Tis a triangular subalgebra of M(n), then we write C(T) for the complemented
bimodule of T+ T*.

LeEmMA 3.6. With T, S, M(n), M(m) and o as in Lemma 3.4, we have

i) o(T)=a(M(n) NS,

@ii) o(T*)=0(M(n)) NS*, and

iii) o(C{(T)) = o(M(m)) N C(S).

Proor. First note that if e; and e, are two different matrix units in M (n),
then the supports of o(e;) and o(e;,) are disjoint. Indeed, suppose that (a,b)
is the support of both o(e;) and a(e;,). Then e,,0(e;)ey # 0 and e,,0(ep)ep, #
0. Each of these products is a scalar multiple of e, so, for some ¢ € C,
e.0(e; — ceyp)ep, = 0. But then

eaa0(e;)eps = e,a0(ei(e; — ceple;)ep, = o(e;)ewo(e; — cepleppale;) =0,

contrary to assumption.
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By (ii) of Lemma 3.4, o(T) € o(M(n)) N S. Suppose ¢; is a matrix unit in
M(n) such that o(e;) € o(M(n)) N S. Then the support of ¢(e;;) is contained in
the support of o (M (n)) N S which, by (iii) of Lemma 3.4, is the support of ¢(T).
Hence, by what we showed at the outset, e; € T. Thus o(T) = o(M(n)) N S. As-
sertions (ii) and (iii) are now immediate. |

ExampLE 3.7. There is an AF C*-algebra, realized as C*(G) for an AF group-
oid G, and a maximal triangular subalgebra of C*(G), realized as %(P) for an
open partial order P € G, such that P is also closed, but PU P~! # G.

Proor. We apply Lemma 3.4 inductively and use Lemma 3.6 to find a
sequence

M(ny) =5 M(m) =5 M(ny) = -

where each o; is a unital embedding with triangular subalgebras T; < M(n;) satis-
fying the following conditions:

(@) For i > 0, T; is not maximal triangular in M(n;), 0;_1(T,_)) € T,and T, + T}
is a subalgebra of M(n;).

(i) 0i(T}) = 0;(M(n;)) N Ty, o(T7) = a;(M(n;)) N T}, and ¢,(C(T})) =
o(M(n;)) N C(T;yy)-

(iii) The sequence {7;} is maximal in the sense that if M(n;) 2 S; 2 T;, with
each §; a triangular subalgebra of M (n;) such that ¢;(S;) € S,,,, then §; = T; for
every i.

We write C*(G) = li_r’n(M (n;),0;) for a suitable AF groupoid G and apply the
spectral theorem for bimodules, Theorem 3.10 of [MS], to write

¥(P) = lim(T;, )
AP~ = lim(C(T}), o),
A(Py) = im(C(T), a2),

for open sets P and P,. From Theorem 4.1 of [MS], we know P is a partial order.
To complete the proof, we need to show that P is closed, PU P! # G and %(P)
is maximal triangular.

To this end we use Proposition 2.6 of [PPW] and condition (ii) above to assert
that A(P) N M(n;) = T;, W(P~") N M(n;) = T} and A(Py) N M(n;) = C(T;).
(Here, of course, we are viewing the M(n;), T; and C(T;) as all contained in
C*(G).) Write P, =PUP 'UP,, P,=PNPyand P, = P~' N Py. Then P, P,
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and P, are open subsets of G and since C*(G°)-bimodules are inductive, we have,
for j = 1,2,3,

u(P) = U AP) N M(n).

Clearly A(P;) 2 U(P) + AP + A(Py), so A(P) N M) 2T, + T +
C(T)) = M(n;). Thus A(P,) = C*(G) and PU P~ U Py = G. Also, A(P,) S
A(P) N A(Py) and thus A(P,) N M(n;) € T; N C(T;) = {0}. Hence P, = J. Sim-
ilarly, P, = @ and so Py N (PU P~') = &. Therefore, P = G\ (P"'\G®) U P)
is closed. Since C(T;) # 0 for all i, A(Pp) # D. Thus Py # @ and PU P~ ¢ G.

To see that €(P) is a maximal triangular subalgebra of C*(G), we first note
that since each T is triangular in M(n;), ¥(P) is triangular in C*(G). Suppose I
is a triangular subalgebra of C*(G) containing %(P). Since 3N 3* = C*(G"), 3
is a bimodule over C*(G°). Thus by Lemma 1.3 of [P], 3 = U(3 N M(n;)). But
for every i > 0, M(n;) 2 3N M(n;) 2 W(P) N M(n;) = T; and I N\ M(n;) is tri-
angular in M(n;) (because (3N M(n)) N (3N M(n;))* =@ N3I*YNM(n) =
D,,). From condition (iii) above, JNM(n) =T foralli,andsoI=%A(P). W

REMARK 3.8. We continue the notation of Example 3.7.

Let 8 =A(PU P~') =A(P) + A(P)*. Then B is a C*-subalgebra of C*(G).
Indeed, B = U,(A(PUP )N M(n;) and W(PUP " YNM(n) =T, + T isa
C*-subalgebra of M(n;). We claim that there is no closed subalgebra € of C*(G),
different from B, with diagonal equal to 9B, i.e., suchthat ENE* =B. Let E be a
closed subalgebra of C*(G) with diagonal B and write € = %(Q) for an open set
QcG.Wehave Q-Q<= Qand QN Q' =PUP . Set R=(Q\(PUP ') U
P=Q\(P~'\G°). Then R is open, because Pand P~ are closed, and RNR~' =
ONQO~\[(P~'UP)\G°] = G°. If we can show that R-R S R, then ¥(R) will be
a triangular subalgebra of C*(G) that contains A(P). From the maximality of
A(P) it will follow that P = R and hence that = PU P~ 1.

To prove that R-R S R, set L = Q\(PU P7'), so R = L U P. It suffices to
showthat L-L € R, L-P < R and P-L € R. Suppose x and y are composable ele-
ments of L. If xy & R, then xy € P7'\G?, since xy € Q-Q € Q. But then, y =
x'xyliesin L7-P7'c Q7!1.Q7' € Q7. Hence y lies in

Q'NL=Q7'N(Q\(PUP)=Q07'NO\(PNPT)=0.

Hence L-L € R. If, now, x € L and y € P are composable elements and if
xy & R, then xy € P~'\G°. Therefore, x = xpy ! lies in P~'-P~' < P~'. But
LNP'=¢, soL-Pc R. The argument showing P-L < R is similar and so we
omit it, completing the proof. n
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